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Abstract
We introduce the notion of quasimonotone polar of a multivalued operator, in a
similar way as the well-known monotone polar due to Martinez-Legaz and Svaiter.
We first recover several properties similar to the monotone polar, including a char-
acterization in terms of normal cones. Next, we use it to analyze certain aspects of
maximal (in the sense of graph inclusion) quasimonotonicity, and its relation to the
notion of maximal quasimonotonicity introduced by Aussel and Eberhard. Further-
more, we study the connections between quasimonotonicity and Minty Variational
Inequality Problems.
Keywords: Quasimonotone operators, Maximal quasimonotone operators, Quasi-
monotone Polarity, Minty Variational Inequality
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1 Introduction
The monotone polar of a multivalued operator was introduced in 2005 by Martinez-Legaz
and Svaiter [7]. Here, the authors studied the connection between such polar and repre-
sentability and maximality of monotone operators, along with certain geometrical proper-
ties.
The aim of this work is to extend the notion of monotone polar to the quasimonotone
case. We show that the quasimonotone polar shares the same properties with the usual
monotone polar, and allows a characterization of quasimonotonicity, in a parallel way than
in [7]. Moreover, we characterize the images of quasimonotone polar in terms of the normal
cone of a certain set.
We also study the property of maximality of this kind of operators. We understand
maximality in the sense of graph inclusion, which is the same sense as is usually addressed
for the monotone case. As expected, we show that the quasimonotone polar is useful to
characterize maximal quasimonotonicity and also pre-maximal quasimonotonicity, that is,
operators which have an unique maximal quasimonotone extension. Moreover, we show
the quasimonotone polar behaves well with the lateral translation of an operator.
˚Universidad del Pacı´fico. Av. Salaverry 2020, Jesu´s Marı´a, Lima, Peru´. Email: {o.buenotangoa,
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In a recent paper [2], Aussel and Eberhard introduced another notion of maximality for
quasimonotone operators, which we call AE-maximality. We study the relation between
the graph inclusion maximality and the AE-maximality, proving that there are, in a natural
sense, equivalent. In addition, we extend some results in [2] and also simplify some proofs.
The Minty Variational Inequality Problem (MVIP) was first studied by Debrunner &
Flor [4], and then by Minty [8]. However, the first connection between the MVIP and
generalized monotonicity was due to John [5]. We conclude this work studying the relation
between the MVIP asociated to a multivalued operator and his quasimonotone polar. We
show a new characterization of quasimonotonicity in terms of the relation between the
solutions of the MVIP associated to the operator and its polar. Moreover, when the operator
is pre-maximal quasimonotone we obtain that the solution set of the associated MVIP must
be at most, a singleton.
2 Preliminary definitions and notations
Let U, V be non-empty sets. A multivalued operator T : U Ñ V is an application T :
U Ñ PpV q, that is, for u P U , T puq Ă V . The graph, domain and range of T are defined,
respectively, as
dompT q “
 
u P U : T puq ‰ H
(
, ranpT q “
ď
uPU
T puq,
and grapT q “
 
pu, vq P U ˆ V : v P T puq
(
.
From now on, we will identify multivalued operators with their graphs, so we will write
pu, vq P T instead of pu, vq P grapT q.
Let V be a real vector space, and let A Ă V . The convex hull of A, denoted as copAq,
is the smallest convex set (in the sense of inclusion) which contains A. The conic hull of A
is the set
conepAq “ ttv P V : t ě 0, v P Au.
Furthermore, given T : U Ñ V , we denote conepT q : U Ñ V as the operator defined
by conepT qpxq “ conepT pxqq, for all x P dompT q. In addition, the effective domain
of T is the set edompT q “ tu P U : T puq ‰ t0uu. Note that T Ă conepT q and
edompconepT qq “ edompT q “ edompT Y pX ˆ t0uqq.
Let X be a Banach space and X˚ be its topological dual. The duality product pi :
X ˆX˚ Ñ R is defined as pipx, x˚q “ xx, x˚y “ x˚pxq. Let C Ă X be a non-empty set.
The normal cone NC of C at x is defined as
NCpxq “ tx
˚ P X˚ : xy ´ x, x˚y ď 0, @ y P Cu.
It is common in this definition to impose C convex and x P C, however, we won’t consider
such conditions in this work.
The monotone polar [7] of an operator T : X Ñ X˚ is the operator T µ defined as
T µ “ tpx, x˚q P X ˆX˚ : xx´ y, x˚ ´ y˚y ě 0, @ py, y˚q P T u.
The notions of monotonicity, maximal and pre-maximal monotonicity can be expressed in
term of the monotone polar. More precisely:
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1. T is monotone if, and only if, T Ă T µ;
2. T is maximal monotone if, and only if, T “ T µ;
3. T is pre-maximal monotone if, and only if, T and T µ are monotone.
3 The quasimonotone polar
From now on X will be a real Banach space and X˚ is its topological dual. Given
px, x˚q, py, y˚q P X ˆX˚, we say that px, x˚q is in a quasimonotone relation with py, y˚q,
denoted by px, x˚q „q py, y˚q, if
mintxy ´ x, x˚y, xx´ y, y˚yu ď 0.
Observe that „q is a reflexive and symmetric relation over X ˆX˚.
Definition 3.1. The quasimonotone polar of T : X Ñ X˚, T ν is given by
T ν “ tpx, x˚q P X ˆX˚ : px, xq „q py, y
˚q, @ py, y˚q P T u.
Is easy to see that T µ Ă T ν, for every operator T : X Ñ X˚.
Our notions of quasimonotone relation and polar are parallel to the monotone ones.
They also were addressed by Aussel and Eberhard in [2]. In particular, the quasimonotone
polar T ν was denoted as QMRT in [2].
Example 3.2. For x P X , tpx, 0quν “ X ˆX˚. Moreover, is straightforward to verify that
pX ˆ t0uqν “ X ˆX˚.
Similarly to the monotone polar, the map T ÞÑ T ν is a polarity [3]. Thus, the following
properties hold.
Proposition 3.3.
1.
˜ď
iPI
Ai
¸ν
“
č
iPI
Aνi .
2. T Ă T νν .
3. T ννν “ T ν .
4. If T Ă S then Sν Ă T ν .
Lemma 3.4. Let T : X Ñ X˚ be a multivalued operator and let px, x˚q P T ν , py, y˚q P T
and t, s ě 0. Then px, tx˚q „q py, sy˚q.
Proof. Note that the signs of xx ´ y, sy˚y and xy ´ x, tx˚y are the same as xx ´ y, y˚y
and xy ´ x, x˚y, respectively. Therefore, the sign of mintxx ´ y, sy˚y, xy ´ x, tx˚yu also
remains the same and the lemma follows.
Proposition 3.5. Let T, S : X Ñ X˚ be multivalued operators. Then the following asser-
tions hold.
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1. X ˆ t0u Ă T ν .
2. If S Ă X ˆ t0u then pT Y Sqν “ T ν .
3. conepT qν “ T ν “ conepT νq. In particular T νpxq is a cone, for all x P X .
4. For all x P X , Nco edompT qpxq Ă T νpxq.
Proof. 1. By Example 3.2, given x P X , px, 0q is quasimonotonically related to any
point in X ˆX˚ and, in particular, with any point in T .
2. Since S Ă X ˆ t0u, then X ˆX˚ “ pX ˆ t0uqν Ă Sν . Therefore, using item 1. of
Proposition 3.3, pT Y Sqν “ T ν X Sν “ T ν XX ˆX˚ “ T ν .
3. Since T Ă conepT q, conepT qν Ă T ν Ă conepT νq. The converse inclusions follow
from Lemma 3.4.
4. Denote C “ co edompT q. Let x P X , take x˚ P NCpxq and pick any py, y˚q P T . If
y˚ “ 0 then, clearly, px, x˚q and py, y˚q are quasimonotonically related. If y˚ ‰ 0
then y P edompT q Ă C and, since x˚ P NCpxq
xy ´ x, x˚y ď 0,
that is, px, x˚q „q py, y˚q. This implies x˚ P T νpxq.
Let T : X Ñ X˚ be a multivalued operator. For x P X , we define the set
VT pxq “ ty P X : Dy
˚ P T pyq such that xx´ y, y˚y ą 0u.
Clearly, given T, S : X Ñ X˚ such that T Ă S, then VT pxq Ă VSpxq, for all x P X We
now relate this set with the quasimonotone polar T ν .
Lemma 3.6. Let T : X Ñ X˚. Then VT pxq “ H if, and only if, T νpxq “ X˚.
Proof. Assume that VT pxq “ H and take any x˚ P X˚. Given py, y˚q P T , our assumption
implies that y R VT pxq, therefore xx ´ y, y˚y ď 0. This in turn implies px, x˚q „q py, y˚q,
that is, x˚ P T νpxq, since py, y˚q P T was arbitrary.
Reciprocally, suppose VT pxq ‰ H. Hence, there exists py, y˚q P T such that xx ´
y, y˚y ą 0 and, therefore, y ‰ x. A direct consequence of Hahn-Banach theorem allows us
to obtain x˚ P X˚ such that xy ´ x, x˚y ą 0, hence x˚ R T νpxq. The lemma follows.
Proposition 3.7. Let T : X Ñ X˚ and let x P X such that VT pxq ‰ H. Then T νpxq “
NVT pxqpxq.
Proof. Let x˚ P NVT pxqpxq and py, y˚q P T . If y R VT pxq then xx ´ y, y˚y ď 0 and
px, x˚q „q py, y
˚q. On the other hand, if y P VT pxq, then xy ´ x, x˚y ď 0 and, again,
px, x˚q „q py, y
˚q. Altogether, we conclude x˚ P T νpxq.
Conversely, let x˚ P T νpxq and take an arbitrary y P VT pxq. Then, there exists y˚ P
T pyq such that xx´y, y˚y ą 0. This, along with px, x˚q „q py, y˚q, implies xy´x, x˚y ď 0,
that is, x˚ P NVT pxqpxq.
As a direct consequence from Proposition 3.7, we obtain the following corollary.
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Corollary 3.8. Let T : X Ñ X˚ be a multivalued operator and x P X . Then T νpxq is a
weak˚-closed, conic and convex set.
Example 3.9. Let H be a Hilbert space and consider I : H Ñ H , Ipxq “ x, the identity
operator, which is maximal monotone. For x P H , x ‰ 0, consider the set
VIpxq “ ty P H : xx´ y, yy ą 0u.
It is straightforward to prove that VIpxq “
1
2
Bpx, }x}q is the open ball with center x{2 and
radius }x}{2. Thus, by Proposition 3.7, if x ‰ 0,
Iνpxq “ NVI pxqpxq “ coneptxuq.
On the other hand, VIp0q “ H so Iνp0q “ H , and we obtain, in conclusion,
Iν “ conepIq Y pt0u ˆHq.
4 On quasimonotone operators
Recall that an operator T : X Ñ X˚ is quasimonotone if, for every px, x˚q, py, y˚q P T ,
xy ´ x, x˚y ą 0 ùñ xy ´ x, y˚y ě 0,
or, equivalently, every px, x˚q, py, y˚q P T are quasimonotonically related, that is,
mintxy ´ x, x˚y, xx´ y, y˚yu ď 0.
Follows directly from the definition that if T Ă S and S is quasimonotone, then T must
be quasimonotone as well.
Proposition 4.1. Let T : X Ñ X˚. The following conditions are equivalent:
1. T is quasimonotone,
2. T Ă T ν ,
3. T νν Ă T ν ,
4. T νν is quasimonotone.
5. conepT q is quasimonotone.
6. conepT q Y pX ˆ t0uq is quasimonotone.
Proof. Equivalence between items 1, 2, 3 and 4 is a direct consequence of the definition
of quasimonotone polar, and is analogous to [7, Proposition 21]. On the other hand, since
T Ă conepT q Ă conepT q Y pX ˆ t0uq then 6 implies 5 which in turn implies 1. Finally,
item 2 implies conepT q Ă conepT νq, hence, using Proposition 3.5,
conepT q Y pX ˆ t0uq Ă conepT νq Y pX ˆ t0uq “ T ν “ pconepT q Y pX ˆ t0uqν .
That is, item 6.
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The following corollary completes Lemma 4 in [2], and is analogous to [7, Proposition
19].
Corollary 4.2. Let T : X Ñ X˚ be a quasimonotone operator. Then px, x˚q P T ν if, and
only if, T Y tpx, x˚qu is quasimonotone.
Denote qT “ conepT q Y pX ˆ t0uq. Note that edompT q “ edompqT q.
Corollary 4.3. An operator T : X Ñ X˚ is quasimonotone if, and only if, qT Ă T ν .
We say that T is maximal quasimonotone if T is quasimonotone and it is maximal
in the sense of inclusion, that is, if T Ă S and S is quasimonotone, then T “ S. A
direct consequence of Zorn’s Lemma shows that every quasimonotone operator possesses
a maximal quasimonotone extension, that is, a maximal quasimonotone operator which
contains it.
Given T : X Ñ X˚, let QpT q be the set of maximal quasimonotone extensions of T ,
that is
QpT q “ tM : X Ñ X˚ : M is maximal quasimonotone and T ĂMu.
When T is a quasimonotone operator, we can relate its quasimonotone polar to QpT q. The
following proposition is analogous to [7, Proposition 22].
Proposition 4.4. Let T : X Ñ X˚ be a quasimonotone operator. Then
1. T ν “
ď
MPQpT q
M;
2. T νν “
č
MPQpT q
M;
3. T is maximal quasimonotone if, and only if, T “ T ν .
Corollary 4.5. If T : X Ñ X˚ is maximal quasimonotone, then T pxq is a weak˚-closed,
conic and convex set, for all x P X .
4.1 Lateral Translations
Let T : X Ñ X˚ be a multivalued operator and let x0 P X . We consider the lateral
translation of T by x0, τx0T : X Ñ X˚ defined as τx0T “ T ` tpx0, 0qu or, equiva-
lently, τx0T pxq “ T px ´ x0q. We now show that this kind of translation will preserve
quasimonotonicity and maximal quasimonotonicity.
Proposition 4.6. Let T : X Ñ X˚ be a multivalued operator and let x0 P X . Then
pτx0T q
ν “ τx0pT
νq. Moreover, T is quasimonotone (resp. maximal quasimonotone) if, and
only if, τx0T is quasimonotone (resp. maximal quasimonotone).
Proof. Let px, x˚q P pτx0T qν and pick any py, y˚q P T . Then py ` x0, y˚q P τx0T and
mintxx´ x0 ´ y, y
˚y, xy ´ px´ x0q, x
˚yu ď 0.
This implies px ´ x0, x˚q „q py, y˚q, for arbitrary py, y˚q P T , that is px, x˚q ´ px0, 0q P
T ν . Therefore px, x˚q P τx0pT νq. The reciprocal assertion is analogous. Invariance of
both quasi and maximal quasimonotonicity is a direct consequence of the invariance of the
quasimonotone polar by lateral translations.
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4.2 On maximal quasimonotonicity
In [2], Aussel and Eberhard defined another notion of maximality for quasimonotone op-
erators, which from now on will be called AE-maximality. Explicitly, T : X Ñ X˚ is
AE-maximal quasimonotone, if T is quasimonotone and, for every quasimonotone opera-
tor S such that T pxq Ă conepSpxqq, for all x P edompT q, then conepT pxqq “ conepSpxqq,
for all x P edompT q and edompT q “ edompSq.
We now study the connection between these two notions of maximality. The following
theorem recovers and extends Proposition 3 and 5 in [2].
Theorem 4.7. Let T : X Ñ X˚ be a quasimonotone operator. The following conditions
are equivalent:
1. T is AE-maximal quasimonotone;
2. for every quasimonotone operator S such that qT Ă qS, qT “ qS;
3. qT is maximal quasimonotone;
4. qT “ T ν .
Proof. First assume 2, and let M be a quasimonotone operator such that qT Ă M . ThenqT Ă M Ă |M . Using 2, we obtain that |M “ qT , thus implying qT “ M and therefore,
condition 3. Reciprocally, if S is quasimonotone and qT Ă qS, maximal quasimonotonicity
of qT implies qT “ qS. Thus, 2 and it 3 are equivalent. Moreover, note that Proposition 3.5,
item 3., implies the equivalence between 3 and 4.
Assume 1., that is, T is AE-maximal quasimonotone, and let S be a quasimonotone
operator such that qT Ă qS. Then, for every x P edompT q,
t0u ‰ T pxq Ă conepT qpxq “ qT pxq Ă qSpxq “ conepSqpxq.
By AE-maximality of T , conepT qpxq “ conepSqpxq, for every x P edompT q, and edompT q “
edompSq. This implies that qT “ qS. On the other hand, assume that T pxq Ă conepSqpxq,
for all x P edompT q, for a certain quasimonotone operator S. Hence qT Ă qS, which, by 2,
implies qT “ qS. Therefore edompT q “ edompSq and conepT qpxq “ conepSqpxq, for all
x P edompT q. This means that T is AE-maximal quasimonotone.
A direct corollary of Proposition 4.6 and Theorem 4.7 is the following.
Corollary 4.8. Let T : X Ñ X˚ be a AE-maximal quasimonotone operator and x0 P X .
Then τx0T is also AE-maximal quasimonotone.
If T is a quasimonotone operator such that T ν is quasimonotone (therefore, maximal
quasimonotone), then T will be called pre-maximal quasimonotone. A pre-maximal quasi-
monotone operator is not necessarily maximal, but has a unique maximal quasimonotone
extension.
Corollary 4.9. Let T : X Ñ X˚ be a quasimonotone operator. If T is AE-maximal
quasimonotone then T is pre-maximal quasimonotone.
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Proof. Is enough to observe that T AE-maximal implies that T ν “ qT is (maximal) quasi-
monotone.
However, the converse assertion does not hold.
Example 4.10 (Pre-maximality doesn’t imply AE-maximality). Let T “ Z ˆ t1u, which
is monotone, therefore, quasimonotone. Now, given pa, bq P R2 with b ą 0, note that
tpa, bquν “ R2ztpx, yq P R2 : x ą a, y ă 0u. Therefore,
T ν “
˜ď
aPZ
tpa, 1qu
¸ν
“
č
aPZ
tpa, 1quν “ tpa, bq P R2 : b ě 0u,
so T ν is quasimonotone and T is pre-maximal quasimonotone. However T isn’t AE-
maximal quasimonotone, since p1{2, 1q P T νzqT .
Pre-maximal quasimonotone operators share the same properties as their monotone
counterparts. The following proposition is analogous to [7, Proposition 36].
Proposition 4.11. Let T : X Ñ X˚ be a quasimonotone operator. Then the following
conditions are equivalent:
1. T is pre-maximal quasimonotone;
2. T ν “ T νν;
3. T νν is maximal quasimonotone.
For T : X Ñ X˚ and α˚ P X˚, we denote T ` α˚ : X Ñ X˚ to the operator defined
as
pT ` α˚qpxq “ T pxq ` α˚, @x P X.
The relation between the quasimonotonicity of the linear perturbations T ` α˚ and the
monotonicity of T was established by Aussel, Corvellec and Lassonde [1]. Later on, Aussel
and Eberhard extended this result to include maximality [2, Proposition 6]. We now present
an analogous version of this result.
Proposition 4.12. Let T : X Ñ X˚ such that T ` α˚ : X Ñ X˚ is pre-maximal quasi-
monotone, for all α˚ P X˚. Then T is pre-maximal monotone.
Proof. Monotonicity of T is obtained from [1, Proposition 2.1], so remains to prove that
T µ is monotone. Let px, x˚q, py, y˚q P T µ. Then, for all α˚ P X˚,
px, x˚ ` α˚q, py, y˚ ` α˚q P pT ` α˚qµ.
In particular, for α˚
0
“ ´
x˚ ` y˚
2
P X˚,ˆ
x,
1
2
px˚ ´ y˚q
˙
,
ˆ
y,
1
2
py˚ ´ x˚q
˙
P pT ` α˚
0
qµ.
Since pT ` α˚qµ Ă pT ` α˚qν , and using the fact that pT ` α˚qν is quasimonotone, we
obtain
1
2
mintxy ´ x, x˚ ´ y˚y, xx´ y, y˚ ´ x˚yu ď 0
that is, xx˚ ´ y˚, x´ yy ě 0. Therefore T µ is monotone.
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Remark 4.13. Proposition 6 in [2] states that if T ` α˚ is AE-maximal quasimonotone,
for every α˚ P X˚, then T is maximal monotone. It is not difficult to present an example
of a maximal monotone operator which is not AE-maximal quasimonotone. For instance,
consider T “ I : R Ñ R, T pxq “ x, the identity operator. Moreover, no linear pertur-
bation of the identity is AE-maximal quasimonotone. Even if an operator is AE-maximal
quasimonotone, it could have a non AE-maximal quasimonotone linear perturbation, for
example, S : R Ñ R defined as Spxq “ tx{|x|u, if x ‰ 0, and Sp0q “ r´1, 1s, is maximal
monotone and also AE-maximal quasimonotone, but T ` 1 is not.
4.3 Further properties of quasimonotone operators
Given T : X Ñ X˚, denote by
ET “ tx P X : VT pxq “ Hu.
Let T, S : X Ñ X˚ be multivalued operators such that T Ă S. Since VT pxq Ă VSpxq,
follows immediately that ES Ă ET .
We now study some further properties of the set ET .
Proposition 4.14. Let T : X Ñ X˚. Then ET is convex and weak˚-closed.
Proof. Note that
ET “
č
py,y˚qPT
tx P X : xx´ y, y˚y ď 0u.
The proposition follows since each of the sets in the intersection is convex and weak˚-
closed.
Proposition 4.15. Let T : X Ñ X˚ be a quasimonotone operator. Then ET ν is either
empty or a singleton.
Proof. Assume that ET ν is non-empty and that there exist u, v P ET ν . In particular,
VT νpuq “ H and, since T is quasimonotone, T Ă T ν and VT puq “ H. Moreover,
Lemma 3.6 now implies that T νpuq “ X˚. On the other hand, u R VT νpvq “ H and,
therefore, xv ´ u, u˚y ď 0, which in turn implies that u “ v. Therefore ET ν is a single-
ton.
Proposition 4.16. Let T : X Ñ X˚ be a pre-maximal quasimonotone operator. Then
ET “ ET ν .
Proof. Since T is quasimonotone then T Ă T ν and ET ν Ă ET . Conversely, if x R ET ν
then there exists py, y˚q P T ν such that xx ´ y, y˚y ą 0 and, in particular, x ‰ y. On the
other hand, the Hahn-Banach theorem allows us to obtain x˚ P X˚ such that xy´ x, x˚y ą
0. From the fact that T ν is also quasimonotone, we conclude that x˚ R T νpxq, that is,
T νpxq ‰ X˚ and, by by Lemma 3.6, x R ET . This proves the proposition.
From the two previous propositions, we conclude this section with the following corol-
lary.
Corollary 4.17. If T : X Ñ X˚ is pre-maximal quasimonotone, then ET is either empty
or a singleton.
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5 On Minty Variational Inequality Problems
The Minty Variational Inequality Problem (MVIP) associated to a multivalued operator
T : X Ñ X˚ and a set K Ă X is
find x P K such that xx´ y, y˚y ď 0, for all py, y˚q P T , y P K. (MVIP)
The set of solutions of (MVIP) will be denoted as MpT,Kq. Clearly, MpT,Kq is
convex and closed provided that K is convex and closed. In addition, is immediate to
observe the following proposition.
Proposition 5.1. Let T : X Ñ X˚ and K Ă X . Then
MpT,Kq “ tx P K : VT pxq XK “ Hu.
In particular, MpT,Xq “ ET .
Lemma 5.2. Let T, S : X Ñ X˚ be multivalued operators and K Ă X . If T Ă S then
MpS,Kq ĂMpT,Kq.
Lemma 5.3. Let R, S : X Ñ X˚ be multivalued operators such that S Ă Rν . If
MpS,Kq ĂMpR,Kq, for all K Ă X , then R is quasimonotone.
Proof. Assume that R is not quasimonotone, so there exist pu, u˚q, pv, v˚q P R such that
xv ´ u, u˚y ą 0 and xu´ v, v˚y ą 0.
This implies that u, v R MpR, tu, vuq. On the other hand, if w˚ P Spuq Ă Rνpuq then, in
particular, pu, w˚q „q pv, v˚q, that is,
mintxu´ v, v˚y, xv ´ u, w˚yu ď 0,
which implies xv ´ u, w˚y ď 0. Since xv ´ v, z˚y “ 0 ď 0, for every z˚ P Spvq, we
conclude that v PMpS, tu, vuq ĂMpR, tu, vuq, a contradiction. The lemma follows.
Proposition 5.4. Let T : X Ñ X˚ be an operator. Then T is quasimonotone if, and only
if, MpT ν , Kq ĂMpT,Kq, for every K Ă X .
Proof. If T is quasimonotone then T Ă T ν and by, Lemma 5.2, we obtain MpT ν , Kq Ă
MpT,Kq. The converse implication follows by taking R “ T and S “ T ν in Lemma 5.3.
Corollary 5.5. Let T : X Ñ X˚ be a multivalued operator. If MpT ν , Kq “MpT,Kq, for
every K Ă X then T is pre-maximal quasimonotone.
Proof. By Proposition 5.4, T is quasimonotone. Noting that T Ă T νν we can choose
R “ T ν and S “ T in Lemma 5.3, to conclude that T ν is quasimonotone as well. Therefore
T is pre-maximal monotone.
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The converse of the previous corollary is not true. Consider for example T : R Ñ R
defined as
T pxq “
$’&’%
x´8, 0s, if x ă 0
R, if x “ 0,
t0u, if x “ 0.
Is straightforward to prove that T ν “ tpx, x˚q P R2 : xx˚ ě 0u, which is quasimonotone.
Therefore T is pre-maximal quasimonotone. Let K “ r1, 2s. Then MpT,Kq “ r1, 2s and
MpT ν , Kq “ t1u.
We now use Proposition 5.1 to restate Propositions 4.15 and 4.16, and Corollary 4.17,
in our current setting.
Proposition 5.6. Let T : X Ñ X˚ be a quasimonotone operator. Then MpT ν , Xq is either
empty or a singleton. If, in addition, T is pre-maximal quasimonotone, then MpT,Xq “
MpT ν , Xq and MpT,Xq is either empty or a singleton.
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